Let {T (t)} t≥0 be a C 0 -semigroup on a separable Hilbert space H. We characterize that T (t) is an m-isometry for every t in terms that the mapping t ∈ R + → T (t)x 2 is a polynomial of degree less than m for each x ∈ H. This fact is used to study m-isometric right translation semigroup on weighted L p -spaces. We characterize the above property in terms of conditions on the infinitesimal generator operator or in terms of the cogenerator operator of {T (t)} t≥0 . Moreover, we prove that a non-unitary 2-isometry on a Hilbert space satisfying the kernel condition, that is,
Introduction
Let H be a complex Hilbert space and B(H) denote the C * -algebra of all bounded linear operators on H.
A one parameter family {T (t)} t≥0 of bounded linear operators from H into H is a C 0 -semigroup if:
1. T (0) = I.
T (s + t) = T (t)T (s) for every t, s ≥ 0.
3. lim t→0 + T (t)x = x for every x ∈ H, in the strong operator topology. Notice that the point 1 could be on the spectrum of V , σ(V ).
For a positive integer m, an operator T ∈ B(H) is called an m-isometry if
for any x ∈ H. We say that T is a strict m-isometry if T is an m-isometry but it is not an (m − 1)-isometry. Remark 1.1.
1. For m ≥ 2, the strict m-isometries are not power bounded. If T is an m-isometry, then T n x 2 is a polynomial at n of degree at most m − 1, for very x, [6, Theorem 2.1]. In particular, T n = O(n) for 3-isometries and T n = O(n The remainder of the paper is organized as follows. In Section 2, we characterize that T (t) is an m-isometry for every t if the mapping t ∈ R + → T (t)x 2 is a polynomial of degree less than m for each x ∈ H. This fact is used in the last section in order to study m-isometric right translation semigroup on weighted L p -spaces. Also, we characterize the above property in terms of conditions on the generator operator or in terms that the cogenerator operator be an m-isometry. Moreover, we obtain that {T (t)} t≥0 is an m-isometry for all t > 0 if and only if T (t) is an m-isometry, for all t ∈ [0, t 1 ] with t 1 > 0 or on [t 1 , t 2 ] with 0 < t 1 < t 2 .
Section 3 is devoted to embed m-isometries into C 0 -semigroups. That is, given an m-isometry T finds a C 0 -semigroup {T (t)} t≥0 such that T (1) = T . Using the model for 2-isometries we conclude that a non-unitary 2-isometry on a Hilbert space such that satisfies the kernel condition, that is
can be embedded into a C 0 -semigroup if and only if dim(KerT * ) = ∞. Finally, in Section 4, we obtain a characterization of the right translation C 0 -semigroup on some weighted space, to be a semigroup of m-isometries for all t > 0.
C 0 -semigroups of m-isometries
Recall that any C 0 -semigroup {T (t)} t≥0 have some real quantities associated as:
1. The spectral bound, s(A), by setting s(A) := sup{Reλ : λ ∈ σ(A)} .
2.
Growth bound, w 0 , given by
The above quantities are related in the following way, s(A) ≤ w 0 and also
where r(T (t)) denotes the spectral radius of the operator T (t).
The following lemma allow us to define the cogenerator of a C 0 -semigroup of misometries.
Lemma 2.1. Let {T (t)} t≥0 be a C 0 -semigroup on a separable Hilbert space H consisting of m-isometries and A its generator. Then 1 ∈ ρ(A) and therefore the cogenerator V of {T (t)} t≥0 is well-defined.
Proof. If T (t) is an m-isometry for all t, then the spectral radius of T (t), r(T (t)) is 1 for all t. Using equality (1), then s(A) ≤ w 0 = 0 and then 1 ∈ ρ(A).
The following combinatorial result will be necessary for the proof of Theorem 2.1. Denote
Lemma 2.2. Let m be a positive integer and p, q be integers such that 0 ≤ p, q ≤ m.
If
Proof. We define the polynomials r and s by r(x, y) := 2 m (x + y) m and
Denote x p y q f the coefficient of the power x p y q on the polynomial f . Since s(x, y) = r(x, y), then x p y q s = x p y q r for every p and q. So, if p+q = m, then x p y q s = x p y q r = 0.
By other hand, it is straightforward to verify that, if p + q = m, then
This complete the proof.
Given a C 0 -semigroup {T (t)} t≥0 , we have two different operators associated to {T (t))} t≥0 , the infinitesimal generator A and the cogenerator V , if 1 ∈ ρ(A). This two operators will be useful in the next result, where we obtain a natural generalization to C 0 -semigroup of m-isometries of [12 
is an m-isometry for every t.
(ii) The mapping t ∈ R + → T (t)x 2 is a polynomial of degree less than m for each x ∈ H.
(iii) The operator inequality
(iv) The cogenerator V of {T (t)} t≥0 exists and is an m-isometry.
for every t, τ > 0 and x ∈ H. From the assumption on the semigroup, it is clear that the function t ∈ R + → f (t) := T (t)x 2 is continuous. By [15, Theorem 13.7] , the function f (t) is a polynomial of degree less than m for each x ∈ H.
Conversely, if the mapping t ∈ R + → T (t)x 2 is a polynomial of degree less than m for each x ∈ H, then T (t) is an m-isometry for every t, [15, page 271] .
(ii) ⇔ (iii) Let y ∈ D(A m ). The function t ∈ R + → T (t)y 2 has mth-derivative and it is given by
By (ii) and (3) at t = 0 we have that
for every t > 0 and
, we obtain the result.
(iii) ⇔ (iv) It will be sufficient to prove that
for all y ∈ R(A − I) m . Note that the second part of equality (4) is given by
where the last equality is obtained by part (2) of Lemma 2.2.
where the last equality is obtained by part (1) In the following corollary, we give an example of m-isometric semigroup.
Corollary 2.2. Let Q be a nilpotent operator of order n on a separable Hilbert space. Then the C 0 -semigroup generated by Q is a strict (2n − 1)-isometric semigroup.
Proof. Since Q is the generator of {T (t)} t≥0 and 1 ∈ ρ(Q), then the cogenerator is well-defined and given by V := (Q + I)(Q − I) −1 .
, that is, the sum of an isometry and a nilpotent operator of order n. By [7, Theorem 2.2], the cogenerator is a strict (2n − 1)-isometry. Then {T (t)} t≥0 is a strict (2n − 1)-isometric semigroup by Corollary 2.1.
For a positive integer m, a linear closed operator A defined on a dense set
for all x ∈ D(A m ). We say that A is a strict m-symmetry if A is an m-symmetry but it is not an (m − 1)-symmetry. There is not strict m-symmetry bounded for even m. See [1, Page 7] .
In the next result, we present the connection between the condition (iii) of Theorem 2.1 and the m-symmetric operators. Corollary 2.3. Let A be an m-symmetry on a separable Hilbert space. Then the C 0 -semigroup generated by iA is an m-isometric semigroup.
. Thus the C 0 -semigroup generated by iA is an m-isometric semigroup. The result is completed by Theorem 2.1.
Let w be a weighted function defined on T. It is defined
Let {T (t)} t≥0 be a C 0 -group defined on L (ii) [5, Corollary 3.7] ). The stability of the class of m-isometry with powers is fundamental to give necessary and sufficient conditions for a C 0 -semigroup {T (t)} t≥0 to be T (t) an m-isometry for all t ≥ 0. (ii) ⇒ (i). Fixed t > 0, there exist n ∈ N and t
(iii) ⇒ (i). Let us prove that T (t) is an m-isometry for every t ∈ (0,
]. Choose k := [ 3 Embedding m-isometries into C 0 -semigroups
We are interested to study: When can we embed an m-isometry into a continuous C 0 -semigroup?, that is, given an m-isometry T , to find a C 0 -semigroup {T (t)} t≥0 such that T (1) = T .
Recall that an isometry T on a Hilbert space can be embedded into a C 0 -semigroup if and only if T is unitary or codim(R(T )) = ∞, where R(T ) denotes the range of T . In this case, it is also possible to embed T into an isometric C 0 -semigroup [10, Theorem V. 1.19] .
Note that, if T can be embedded into C 0 -semigroup, then dim(KerT ) and dim(KerT * ) are zero or infinite [10, Theorem V. (iii) Assume that T is a weighted forward shift m-isometry.
Let M z be the multiplication operator on the Dirichlet space D(µ) for some finite non-negative Borel measure on T defined by
where A denotes the normalized Lebesgue area measure on D and ϕ µ is defined by
Proof. By Richter's Theorem [20] , M z is an analytic 2-isometry with dim(KerT * ) = 1, then M z can not be embedded into C 0 -semigroup. 
For 0 < t ≤ 1, define the following family of operators on
that is,
In particular, for t = 1, we have that
, where [t] denotes the greatest integer less than or equal to t.
Let us prove that T (t) is a C 0 -semigroup. Given any f ∈ L 2 (R + , Y ), we have that
If t ′ + t < 1, then (6) is given by
By other hand, by (6) we have that
This completes the proof.
We say that an operator T ∈ B(H) satisfies the kernel condition if By the Wold Decomposition Theorem for 2-isometries (see [16] ), all 2-isometries can be decomposed as directed sum of unitary operator and an analytic 2-isometries. 
Translation semigroups of m-isometries
In this section, we discuss examples of semigroups of m-isometries.
Definition 4.1. By a right admissible weighted function in (0, ∞), we mean a measurable function ρ : (0, ∞) → R satisfying the following conditions:
2. there exist constants M ≥ 1 and ω ∈ R such that ρ(t + τ ) ≤ Me ωt ρ(τ ) holds for all τ ∈ (0, ∞) and all t > 0.
For a right admissible weighted function, we define the weighted space
Then the right translation semigroup (S(t)) t≥0 given for t ≥ 0 and f ∈ L 2 (R + , ρ) by
is a strongly continuous semigroup and straightforward computation shows that for Proof. By definition, S(t) is an m-isometry for every t > 0 if
for all t ≥ 0 and f ∈ L 2 (R + , ρ). Fixed t ≥ 0 , define
If g(s) = 0, we can suppose without lost of generality that, g(s) > 0, for some s ≥ 0. Then by continuity of ρ and ρ(τ ) > 0 for all τ ≥ 0, we obtain that there exits an interval I ⊂ R + , with finite measure, such that there exists M > 0 such that g(s) > M for all s ∈ I.
Let f 1 (s) :
Then by (7) we have that
which it is an absurd. So,
for all s ≥ 0 and t ≥ 0. Then by [15, Theorem 13.5] , the function ρ is a polynomial of degree less than m. 
Consider the right weighted translation
Then {S ρ (t)} t≥0 is a strongly continuous semigroup if and only if ρ is a right admissible weight [9] and for s,
We now improve part (2) At continuation we characterize the weighted spaces where the adjoint of translation operator is an m-isometry. Let {T (t)} t≥0 be the left shift semigroup given for t ≥ 0 and f ∈ L 2 (R + , w) by (T (t)f )(s) := f (s + t) .
Then {T (t)} t≥0 is a strongly continuous semigroup [11] . For f ∈ L 2 (R + , w), for some polynomial p of degree m − 1.
